The Riemann normal coordinate expansion method is generalized to a Kähler manifold. The Kähler potential and holomorphic coordinate transformations are used to define normal coordinates preserving the complex structure. The existence of these Kähler normal coordinate is shown explicitly to all orders. The formalism is applied to background field methods in supersymmetric nonlinear sigma models. *
Introduction
In nonlinear sigma models, a field variable ϕ(x), defined at a space-time point x, takes a value on a Riemannian manifold called the target manifold. Its S-matrices are invariant under an arbitrary field redefinition which corresponds to a general coordinate transformation in the target manifold. In the perturbation theory, we assume that configurations of field variables are very close to a background field ϕ 0 corresponding to a vacuum, and expand the Lagrangian as a power series in δϕ i = ϕ i − ϕ i 0 to define the interaction Lagrangian. In general, the expansion coefficients of this power series are non-covariant quantities, like the Christoffel symbols Γ i jk . It is very convenient to choose a special coordinate system called the Riemann normal coordinates, in which all the expansion coefficients are covariant tensors. In this coordinate system, results of the perturbation theory are expressed in terms of covariant quantities, and reparameterization invariance becomes manifest. This is one reason why Riemann normal coordinates are widely used in the renormalization of sigma models [1] . The Riemann normal coordinates around ϕ 0 are usually defined as a coordinate system in which all geodesics passing through ϕ 0 are straight lines, and neighboring points are identified with tangent vectors at ϕ 0 .
Generally speaking, we have to solve the geodesic equation in order to find the coordinate transformation to the Riemann normal system. In this article, we propose a simple alternative algorithm to find the coordinate transformation to the normal coordinate system in the case that the nonlinear sigma models have N = 2 supersymmetry in two dimensions. The existence of N = 2 supersymmetry in two dimensions requires the target manifold to be a Kähler manifold [2] . Instead of using a metric, we rely heavily on the Kähler potential K(ϕ, ϕ * ), which fixes the geometry of the Kähler manifold, to transform to Riemann normal coordinates. We call our normal coordinates "Kähler normal coordinates". 1 One of novel features of our method is that we do not need discussions of geodesics, in contrast to the real Riemann manifold [4] .
1 Although Clark and Love [3] presented one such method, it requires an isometry of the target manifold. On the other hand, our method is valid for any Kähler manifold.
Nonlinear sigma models with N = 2 supersymmetry are very important tools to describe superstring theory in compactified space-time. Recently we found auxiliary field formulations for nonlinear sigma models on Hermitian symmetric spaces [5] .
We hope our new method together with the auxiliary field formulation will play a significant role in the non-perturbative analyses of these models.
One can also apply the normal coordinate method to nonlinear sigma models in four dimensions. The N = 1 supersymmetry in four dimensions has the same structure as the N = 2 supersymmetry in two dimensions. (The latter is a direct dimensional reduction of the former.) N = 1 supersymmetric nonlinear sigma models in four dimensions appear as low-energy effective theories describing (quasi-)NambuGoldstone bosons when global symmetry is spontaneously broken with preserved supersymmetry [6] . The low-energy theorems of two-body scattering amplitudes of these bosons are discussed in Ref. [7] , where a Kähler normal coordinate expansion to fourth order is used. An expansion to higher orders is necessary for calculations of many-body scattering amplitudes.
This paper is organized as follows. In section 2 we construct the Kähler normal coordinate expansion and present a theorem asserting that all the coefficients are covariant. This method is applied to supersymmetric nonlinear sigma models in section 3. We summarize the geometry of the Kähler manifold in Appendix A. A proof of the theorem is given in Appendix B. 
Kähler normal coordinate

The Fourth order
In this subsection, we discuss the fourth order Kähler normal coordinates. Let
where 
So by the holomorphic coordinate transformation 6) it can be written as
Non-covariant quantities remain inF (ω). Since the transformation (2.6) is holo- 8) and the inverse metric follows from
From Eq. (2.7), we find that the curvature tensor at the origin is simply
Because of the commutativity of the differentiation, we obtain nontrivial relations among components of the curvature tensor from this equation (see Eq. (A.7)):
Since these equations are covariant, they hold in any coordinate system.
Kähler normal coordinate to all orders
In this subsection we generalize the coordinate transformation (2.6) to all orders.
We then give a theorem which states that coefficients in the new coordinates are covariant. (A proof is given in Appendix B.) We also explicitly express the sixth order coefficients in terms of the curvature and its covariant derivatives for definiteness.
The simple Taylor expansion is again
The expansion coefficients are expressed in terms of geometric quantities by using the formulas given in Appendix A. As a generalization of Eq. (2.6), we perform a coordinate transformation given by
in order to eliminate terms of the form z
We thus obtain the expansion
where all differentiations are with respect to the new coordinates, ω. In the previous subsection, we found that the coefficients in the expansion (2.7) are covariant quantities. The following theorem is a generalization of this observation.
Theorem. All coefficients in the expansion (2.14) are covariant.
We call such a coordinate system ω the "Kähler normal coordinates to all orders".
We prove this theorem in Appendix B. In this subsection, as an illustration, we explicitly express the first several coefficients in terms of the curvature and the covariant derivatives. We refer to a tensor with N holomorphic lower indices and M anti-holomorphic lower indices as an (N, M) tensor. Since we have eliminated terms of the form ω i 1 · · · ω i N ω * j 1 by the holomorphic coordinate transformation (2.13), the connection Γ j * 1 i 1 i 2 differentiated any number of times with respect to the holomorphic coordinates ω,
vanishes at the origin. This implies that g ij * ,i 1 ···i N | = 0, and thus we find
Hence if all of the covariant derivatives, acting on any tensor T , are holomorphic or anti-holomorphic, they become ordinary derivatives with respect to the coordinates at the origin:
In particular, we have very simple formulas for the curvature tensor:
For example, the (3, 2) tensor
In the calculation of Eq. (2.19), we have used the formula
The symmetry property of the curvature, (2.11), derived in the previous subsection, can be generalized. When all of the covariant derivatives acting on the curvature are (anti-)holomorphic, all (anti-)holomorphic indices of the tensor are symmetric as a result of Eq. (2.18): 
Here, only the underlined terms survive at the origin. We thus obtain a covariant expression of the coefficient (3, 3),
where (· · ·) h denotes cyclic permutation with respect to the holomorphic indices.
(For example, A (ij * kl) h = A ij * kl + A lj * ik + A kj * li .) Note that this expression is not unique. For example, it can also be expressed as
where (· · ·) ah denotes cyclic permutation with respect to the anti-holomorphic indices. 3 The right-hand sides of Eqs. (2.24) and (2.25) are manifestly symmetric on 2 The Bianchi identity in a Riemann manifold is
In a Kähler manifold this becomes 
where (· · ·) denotes cyclic permutation with respect to both the holomorphic and anti-holomorphic indices, applied independently.
4
In summary, from Eqs. (2.18) and (2.27), the manifestly covariant expression of the Kähler normal coordinate expansion to sixth order can be written as
By the same procedure, in principle, one can obtain covariant expressions of the expansion to any desired order. All the coefficients are guaranteed to be covariant by the theorem.
In the rest of this section, we give Kähler normal coordinate expansions of some geometric quantities. The general expression of the Kähler metric in the Kähler
where Roman uppercase letters are used for both the holomorphic and anti-holomorphic indices.
as a result of the Kähler property. Hence we can define a "normal ordering" by putting D to the right of D * to obtain the unique expressions. We use this expression in our proof of the theorem. 4 From this equation, we obtain the nontrivial identity
This can be also proved by the formula (2.26).
normal coordinates to all orders is
The manifestly covariant expression of the expansion of the metric to fourth order is
The inverse metric in the normal coordinate expansion can be calculated order by order from the definition g ij * g j * k = δ i k . The expansion to fourth order is
The expansion of the connection can be calculated as
Note that each term has at least one anti-holomorphic factor, ω * , and hence the holomorphic derivatives of the connection are zero at the origin. The curvature tensor can be calculated to second order from Eqs. (2.31) and (2.32):
3 Applications to supersymmetric nonlinear sigma models N = 1 (N = 2) supersymmetry in four (two) dimensions requires the target manifold of nonlinear sigma models to be a Kähler manifold [2] . We first present the derivation appearing in Ref. [8] of the Lagrangian of supersymmetric nonlinear sigma models in the general coordinates. After a brief remark on a field redefinition, we apply
Kähler normal coordinates to background field methods.
Review of the chiral model
Chiral superfields satisfying the constraintDαΦ = 0 are given by
1)
The general D-term Lagrangian of the chiral superfields can be written as 
We define
Its D-term can be calculated as
Here we have used the equations
[
and partial integration. 
The equation of motion of F i reads
By substituting this back into Eq. (3.9), we obtain the Lagrangian of the supersymmetric nonlinear sigma model in the component fields,
where D µ on the fermion is a pull-back of the covariant derivative on target manifolds, where the fermion behaves like a tangent vector (see Eq. (3.15), below):
Field redefinition of chiral superfields
Before proceeding to discussion of the Kähler normal coordinates of nonlinear sigma models, we discuss a field redefinition of chiral superfields as a general coordinate transformation on target manifolds. Since a holomorphic function of chiral super-
are chiral superfields and can be used as coordinates of the Kähler manifold. The right-hand side can be written in component fields from Eq. (3.7) as
(3.14)
The field redefinitions of the component fields are For later use, we point out the field definition (3.13) can be generalized to
where ϕ 0 (y) is an additional bosonic field. We consider ϕ 0 as a background field in the next subsection. Note that the bosonic field ϕ 0 can depend on y but not on x. This is because we can preserve chirality:
since the spinor derivativeDα = − ∂ ∂θα does not include y in the y-representation.
Transformations of the component fields are given simply by
The bosonic fields depending on y and x are related as (3.18) and the difference between ϕ 0 (y) and ϕ 0 (x) contains at least a term proportional to θ andθ. The transformation (3.16) may depend on a bosonic field through an arbitrary tensor (or non-tensor) T i 1 ···j * 1 ··· (ϕ 0 (y), ϕ 0 * (y)) on the target manifold. It can be expanded around ϕ 0 (x) as 19) and the difference between T | φ 0 (y) and T | φ 0 (x) contains at least a term proportional to θ andθ. In the next subsection, ϕ 0 (x) is regarded as a background field.
Nonlinear sigma model in the Kähler normal coordinate
We now apply the results of the previous section to background field methods in sigma models. The dynamics are described by quantum fluctuations around a vacuum expectation value, given by
Here we consider a bosonic background and assume that F = 0, so that supersymmetry is unbroken. Note that the background depends on y but not x, as clarified below. The relation with the bosonic background in the ordinary coordinates x is Eq. (3.18) . We replace the complex coordinates z i − z 0 i of the Kähler manifolds in the last section with chiral superfields
As a generalization of Eq. (2.13) to superfields, we perform the coordinate transformation to the Kähler normal coordinates ξ i (x, θ,θ):
Note that the two sets of chiral superfields ξ i (x, θ,θ) and ∆Φ i (x, θ,θ) have the same chirality:Dα∆Φ i = 0 impliesDαξ = 0, as discussed in the previous subsection. This is because the coefficients are evaluated with the bosonic background Φ(y, θ) = ϕ 0 (y). 6 The bosonic and fermionic parts of Eq. 
respectively. Here we have set ∆Φ(y, θ) = ϕ ∆Φ (y) + √ 2θψ ∆Φ (y) + θθF ∆Φ (y) and
The same expansion as in Eq. (2.14) is obtained by the transformation (3.22).
We thus obtain a Kähler normal coordinate expansion of the Lagrangian of supersymmetric nonlinear sigma models, which is manifestly invariant under the supersymmetry transformation and the general coordinate transformation:
where the covariance of the coefficients is ensured by the theorem in the previous section.
The Lagrangian in terms of the component fields can be calculated in the same way as Eq. (3.11), by noting that coefficients are not constant and we must calculate a product of Eq. (3.19) with T = K, i 1 ···j * 1 ··· | ϕ 0 (y) and Eq. (3.5) before integration over θ. Instead, we can integrate over θ first, and then transform to the Kähler normal coordinates at the level of the component fields. 7 To do this, we must calculate
where the inverse transformation of Eq. (3.23) is needed.
In the case of a constant background, ∂ϕ 0 = 0, the integration over θ in (3.25) can be performed easily. 
The first two terms are motion terms of the bosons and the fermions and the others are interaction terms.
We can obtain low-energy theorems of scattering amplitudes to O(p 2 ) (two derivative order) by using the above expression. The low-energy scattering amplitudes for two bosons can be calculated by summing up tree graphs of the fourth order interactions. One can obtain the low-energy theorems expressed in terms of the curvature tensor of a Kähler manifold, since the fourth order term of the bosons is the curvature tensor [7] . A calculation of many-body scattering amplitudes requires expansions to higher orders. One can obtain low-energy theorems expressed in terms of the curvature tensor and the covariant derivatives.
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A Geometry of Kähler manifolds
In this appendix, we explain the minimum of Kähler manifolds. (For details see, e.g., Ref. [10] .) A Kähler manifold is defined as a complex manifold equipped with a Hermitian metric and the Kähler condition (dΩ = 0 where Ω = ig ij * dz i ∧ dz * j ). As a result of the Kähler condition, the metric can be expressed in terms of a Kähler potential as
at least in a coordinate patch. 8 The connection with mixed indices disappears as a result of the compatibility condition of the complex structure, DJ = 0. The non-zero connections are given by
and their conjugates. Derivatives of the metric are
Independent components of the curvature tensor are
and their conjugates. We use the curvature tensor with lower indices:
The curvature tensor has the symmetry
where the uppercase Roman letters are used for both holomorphic and anti-holomorphic indices. The second identity is a result of the Kähler condition.
B A proof of the theorem
In this section we prove the theorem. The starting point is Eq. (2.14). We use the normal coordinates ω, and all differentiations are with respect to ω in this section.
Before giving a proof of the theorem, we prove a lemma. 8 To define the metric consistently on the whole Kähler manifold, the Kähler potentials in the union of two different patches are related as We denote (a set of) the Kähler potential differentiated at most n times as (3) . Note that, although all terms with (n, 1) and (1, n) indices, K, i 1 ···inj * 1 and K, ij * 1 ···j * n , vanish at the origin (ω = 0), If we fix the ordering of the holomorphic and anti-holomorphic covariant derivatives, there is a one-to-one correspondence between the (M, N − M) tensor
and the coordinate derivative of the Kähler potential K, j * i 1 ···i M −2 ij * kl * can be written as products of the curvature tensor and terms from R (4) to R (N ) as a result of
